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9Nonsplitting subset of $P_{\kappa}.\lambda$
(Toshi $\mathrm{c}.1_{1}\mathrm{i}$ $\mathrm{U}81\mathrm{l}\mathrm{b}\mathrm{a}$)
Meanas’s conjecture, Git.ik [3]
. , [5] club shooting
, ,
, consistency strength $\langle$ equiconsistcncy
. club shooting
, .
1 Definition and Notation
. $ki$. $\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{e}\cdot \mathrm{c}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ cardinal, $\gamma$’ $hi$.
ordinal, $\lambda$ $\kappa$. cardinal
$\mu$ cardinal . ordinal a , $\mu^{+a}$ $\mu$ $\alpha$ cardinal
, $\mu^{+0}=\mu,$ $\mu^{+1}.=\mu^{+}.,$ $\mu^{+2}=\mu^{++}$ .
$\mathrm{p}.0$ . $\mathrm{P}$ ordinal $C\lambda$. $\Gamma_{\alpha}(\mathrm{P})$ 2player Game
: $\mathrm{p}1\mathrm{a}\}^{\mathrm{P}}.\mathrm{e}\mathrm{r}$ player $\mathrm{P}$ .
$\mathrm{p}\mathrm{l}\mathrm{a}.\backslash r\mathrm{e}.\mathrm{r}$ I odd , player even limit .
$c\iota$
. player , , $\mathrm{p}.1$a}.$\cdot$e.rI . $\mathrm{P}$
PirSl.rategicaJly closed , $\Gamma_{\kappa}(\mathrm{P})$ player $\mathrm{I}\mathrm{I}$ winning strategy
.
$S\subseteq \mathrm{p}_{f_{\dot{1}}}\gamma$. $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{r}\gamma^{r}$ set . , (a $.\mathrm{e}..$ ) $x$ \in S,
$S$ non-stationary subset $X$ $x\in S\backslash X$ , .
$P_{t\dot{v}}\lambda$ stationary, chtb, $\mathrm{s}\mathrm{a}\mathrm{t}.|\mathrm{u}1^{\backslash }\epsilon\backslash \mathrm{t}\mathrm{e}\mathrm{d}$ ideal, generic ultrapower
[4] section 25, [6] .




Fact 2.1 $\kappa.$. regular uncountable carclinal, $\lambda\geq\kappa$ , $S=$ {x\in P \lambda : $|\prime x|=$
$|x\cap\kappa|\}$ . ,
1. $S$ $P_{\kappa}\lambda$ stationary $\mathrm{s}\mathrm{c}\mathrm{t}$ .
2, $\kappa$. successor $\mathrm{c}^{l}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{i}\mathrm{n}’\mathrm{a}1$ $S$ club .
3. (Baumgartner) $S$ stationary subset $\lambda$ stationary subset
. $k\mathrm{i}$, successor cardinal $P_{h}.\lambda$
statioua.ry set $\lambda$ stationary subset .
, regular uncountable cardinal $\kappa$. stationary set $t_{\dot{v}}$ stationary
subset Solovay , Fact
Meanas conjecture :
Meanas’s conjecture([9]): $f_{\mathrm{b}}$. regular $\mathrm{u}\mathrm{n}\epsilon\cdot \mathrm{o}\mathrm{u}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ ccardinal, $\lambda\geq\kappa$. ca.rdina.l
. , $P_{\kappa}\lambda$ stationary set $\lambda^{<\kappa}$ stafionary subset
.
Fact , Menas’s collject\iota re ZFC equiconsistent :
Fact 2.2 $L\models$ “$\mathrm{M}\mathrm{e}.\mathrm{n}\mathrm{a}\mathrm{s}$’s conjecture $1_{1\mathrm{O}}1\mathrm{d}\mathrm{s}$ .”
, Menas’s conjecture ZFC equiconsistent :
Theorem 2.3 ([1]) G.C.H. . , c.c.c. $\mathrm{p}.0$ . $\mathrm{P}$ $|\mathrm{b}$ “ $\aleph_{2}^{<\aleph_{1}}\geq\aleph_{4}$
$P_{\iota v_{1}}\omega_{2}$ stationary set $\aleph_{4}$ ‘’
.
Menas’sconjeeture ZFC .
, $\mathrm{G}’\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{k}$ [3] Menas’s conjecture :
Theorem 2.4 ([3]) $\kappa$ supercompact, $\lambda>\kappa$ . , $\mathrm{p}.0$ . $\mathrm{P}$
:
1. $\mathrm{P}$ $f_{\overline{\mathrm{t}}}$. $\mathrm{c}\mathrm{a}1^{\backslash }\mathrm{d}\mathrm{i}11\mathrm{a}.1$ ,
2. $|\mathrm{b}$“ $t\overline{v}$ inaccessible cardinal”,
3. $|\mathrm{h}$) “ $P_{h}.\lambda$ stationary set $\kappa^{+}$ .”
$\lambda$
$\kappa$
. , $\lambda^{<\kappa}$ $\kappa^{+}$.
, .
, Krueger([5]) , $\lambda=\kappa^{+}$. stationary set
, :
Theorem 2.5 ([5]) $\kappa$ $\kappa^{+3}$-supercompact . , $\mathrm{p}.0$ . $\mathbb{P}$
$\ovalbox{\tt\small REJECT}$
1. $\mathrm{P}$ $\kappa$. car nal .
2. | ‘‘ $\kappa$ inacce.ssible cardinal”,
3. | $:$ ‘ $\{x\in \mathrm{p}_{h^{-f_{v}}}.\cdot+:|x|>|.\mathit{1}^{\backslash }$. $\cap\kappa.|\}$ $t_{\dot{\mathrm{V}}}^{+}$ .
Fact 2.1 , {x\in P \kappa -+: $|x|>|a^{\backslash }$. $\cap t_{\hat{1}},|$ } $\kappa^{+}$.
.
, [3], [5] P $h^{-\{-}$’ sta.tiolla.ry $\mathrm{s}$e.t cons te.llcy
$\kappa^{+3}.- \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{e}\mathrm{r}\cdot \mathrm{c}\mathrm{o}\mathrm{n}1\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$ cardinal . , Shio.va([ll])
equiconsistcnt :
Theorem 2.6 ([11]) G.C.H. , $\kappa$. $\kappa^{+}$.-supcrcompact , ,
$\mathrm{p}.0$ . $\mathrm{P}$ :
1. $\mathrm{P}$ cardinal .
2. $|\mathrm{b}$ “ $\kappa$ ina.ccessible cardinal”.
3. $|\mathrm{b}$ “ $P_{\tilde{\mathrm{v}}},\kappa^{+}$. $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1^{\backslash }.\mathrm{Y}’$ set $\kappa^{+}$. .”
[5], [11]
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3 Club shooting into $P_{\kappa}.\gamma$
, $\lambda$ regttlar , SP \lambda , $S$
generic club set $\mathrm{p}.0$ . . , forcing notion
[10] .
, $\lambda$ $1^{\cdot}\mathrm{c}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}$ .
ordinml $x$ , $\mathrm{c}\mathrm{f}(.x)=\mathrm{c}\mathrm{f}(\mathrm{o}\mathrm{t}(x))$ . $x$.
$\mathrm{c}\mathrm{f}(.x^{\mathrm{t}})=\mathrm{c}\mathrm{f}(\sup(|x))$ , $x$ .
Deflnition 3.1 $f\in h.\kappa$.
$T_{f}(\kappa^{\sim},\gamma)=\{x\in P_{\kappa}\gamma : x\cap\kappa\in\kappa, \mathrm{c}\mathrm{f}(x)=f(x\cap\kappa.)\}$
. , $\alpha<P\dot{v}$
$T_{\alpha}(\kappa^{-},\gamma)=$ {x\in P \gamma . : $x\cap\kappa^{\wedge}\in\kappa.,$ $\mathrm{c}.\mathrm{f}(x)=(x\cap\kappa^{\sim})^{+\alpha}$ }
. $\alpha$ successor ordinal .
12
$B$ P $\lambda$ chib $x,$ $y\in B$ $\mathrm{J}^{1}$. $\cap\prime y\in B$ .
$S\subseteq P_{h^{-}}\lambda$ , P $\lambda\backslash (S\cap B)$ club shoot forcing llotion
.
Deflnition 3.2 $\mathbb{C}(B, S)$ $\mathrm{p}.0$ . $j$. $p\in \mathbb{C}(B, \mathrm{S})\Leftrightarrow$
1, $p:d(p)\mathrm{x}d(p)arrow d(p)\cap t_{\dot{1}}$. for some $d(p)\in B$ ,
2. $|$d00 $|<\kappa$.,
3. $c(p)\cap S=\emptyset$ , where $c(p)=$ { $x\subseteq d(p)$ : $x\in B,$ $x$ is closed under $\mathrm{p}$ }.
order $p\leq q\Leftrightarrow q\subseteq p$ .
$S$
$\mathrm{p}.0$ . $\kappa^{+}$ -c.c. , $<\kappa$’
sequence
$f$ C\nwarrow $\alpha<t_{\hat{\vee}}$ $f(\alpha’)>\alpha$ , , $T=\{x\in$
$T_{f}(\kappa\cdot, \lambda):.J^{\backslash }$. is st.ational..y in $\sup(x)\}$ . , $A^{\prec}=\langle$ $A$ i: $i<\lambda\rangle$ $\lambda$ pairwise
disjoint subset ,
, $S\subseteq P_{h}.\lambda$ ;
$S=$ { $x\in T:\exists \mathrm{n}^{J}\in x$ ( $4_{\alpha}\cap$ sup(x)is non-st.ationary in $\mathrm{s}\iota\iota \mathrm{p}(x)$ )}
,
$S\subseteq$ { $x\in T:\forall\alpha\in|x$ $(A \text{ }\cap\sup(\prime x)$ is stat.iolla.r.v in $\mathrm{s}\iota\iota \mathrm{p}(_{i}1^{\backslash })$ )}.
, $S$ . , $x\in S$ $|x|>$
$|x\cap f_{\dot{\mathrm{V}}}|$ , $\mathrm{c}\mathrm{f}(\sup(x))$ uncountable .
Lemma 3.3 $x\in P_{\kappa}.\lambda$ , {$p\in \mathbb{C}$ ( $B,$ $S$ ) : $x\subseteq \mathrm{r}f_{l}($p)} dense in
$\mathbb{C}(B, S)$ .
proof $x$. $\in P_{\kappa}\lambda,$ $p\in \mathbb{C}(B, S)$ , { $x\in P_{\kappa}\lambda$ : $x\cap\kappa$. $\in;_{\dot{\mathrm{V}}},$ $\mathrm{c}\mathrm{f}(x\cap\kappa.)=\omega,$ $|x|=$
$|x\cap\kappa.|\}$ P $\lambda$ $\mathrm{s}\mathrm{t}\mathrm{a}\lfloor..\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{a}1}\gamma$ set , y\in P \lambda
;
1. $y\in B$ ,
2. $y\cap r_{\dot{1\prime}}\in \mathrm{A}^{\sim}$. a.nd $\mathrm{c}\mathrm{f}(y\cap\kappa.)=\omega$ ,
3. $|y|=|y\cap\kappa.|$ ,
4. $x\cup d\zeta p$) $\subsetneq y$ .
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$\{0_{??}’ : n<\omega\}$ $y\cap \mathit{1}\tilde{\mathrm{u}}$ $\mathrm{c}\cdot 0\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{l}$ set . , function $q$
:
1. $q$ : $y\cross yarrow y\cap\kappa.$,
2. $q\lceil(d.(p)\cross d.(p))=p$ ,
3, $\alpha\in y\backslash d$(p) $n\in\omega$ , $q(a’, n)=\alpha_{n}$ .
$q$ . $q$ $\mathbb{C}(B, S)$
. , $c(q)\cap S=\emptyset$
, $z\in c(q)$ . $\sim.\wedge\subseteq$ d,(p) $z\in c(p)$ $z\not\in S$
. $z\not\subset d$(p) . \mbox{\boldmath $\alpha$}\in z\d ) , $q$ $\uparrow l\in\omega$
$q(\alpha, r\iota)=\alpha_{n}\in z$ . $\{\alpha_{n} : n$ . $\in\omega\}$ $y\cap\kappa$. cofinal subset
$.y\cap\kappa$
. $=z\cap\kappa$. . , $|?J\cap\kappa\cdot\cdot|=|z\cap f_{\mathrm{t}J}.|\leq|_{\wedge}^{\sim}|\leq|y|=|y\cap\kappa.|$ ,
$|\approx\cap f_{v}^{\triangleleft}|=|z|$ $\approx\not\in S$ .
Lemma 3.4 $\mathbb{C}(B, S)$ $f_{\mathcal{V}}^{\{}.$ -c..c. .
proof $X=\{.p_{i} : \cdot i_{l}<l_{\dot{\mathrm{V}}}.\}+$ $\mathbb{C}(B, S)$ subset . $X$ element compatible
. $t_{1}^{\alpha}$, inaccessible carciinal $\kappa^{<\kappa}--\kappa.$,
$\{d(.p_{i}):’ i$. $<\kappa^{+}.\}$ root $?$’ $\triangle$-system
. , $|\cdot r^{7}|<\kappa$. , $\uparrow’\cross$ ? $\kappa$ function $\kappa^{\sim}$
. , $i,$ $j<\mathrm{A}^{+}\sim$. .$p_{i}$. $\mathrm{r}(\mathit{7}^{\cdot}\cross\uparrow^{\backslash })=p_{j}\mathrm{r}$ ( $\cdot r\cross\cdot$r) .
3.3 z\in P \lambda
$1$ . $\approx\in B$ ,
2. $|$ z $|=z\cap tv.$ ,
$3.\tilde{\sim}\cap\kappa$. $\in\kappa$. and $\mathrm{c}\mathrm{f}(z\cap\kappa)=\omega$ ,
4. $d(p_{i})\cup d(p_{j})arrow\subset\sim\sim$. .
. $\{\alpha_{n} : n\in\omega\}$ $z\cap\kappa$. cofina.l set . , $\delta\in\approx\backslash (d(p_{i})\cup$
$d(p_{j}))$ . $q:\wedge \mathrm{x}\sim zarrow z\cap\kappa-$
:
1. $q[(d(\prime p_{i}.)\mathrm{x}d(p_{i}))=p_{i}$ ,
2. $q\lceil(d(p_{j})\cross d(p_{j}))=p_{j}$ ,
3. $\alpha\in z\backslash (d(p_{i}.)\cap d(.p_{j}.))$ $n\in\omega$ $q(\alpha, n)=\alpha_{n}$ ,
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4. $a’\in z\backslash d(.p_{i}),$ $\beta\in z\backslash d(x_{j}’ \mathrm{I}$ $q(\Omega’,/\mathit{3})’=()^{\backslash }$ .
$q$ .$p_{i},$ $\prime p_{j}$ conlInon extension $c(q)\cap S=\emptyset$
. $x\in c(q)$ . $\prime x\subseteq d(.p_{\mathrm{i}}.)$ $x\subseteq d$( lpj) ,
, $\alpha\in z\backslash d$(pi), {$\dagger\in z\backslash d$ (pj) . $q(\alpha, ,\mathit{3})=\delta\in x\dot,$
$q(\grave{\delta}, n)=\mathrm{Q}_{l}’.,\in x$ , $\approx\cap\mu i\cdot=x\cap f\dot{v}$ . 3.3
$x\not\in S$ .
Lemma 3.5 $\mathbb{C}$(B, $S$ ) $r_{\hat{1}’}\mathrm{s}\mathrm{t}1^{\cdot}\mathrm{a}.\mathrm{t}\cdot \mathrm{e}\mathrm{g}\mathrm{i}\mathrm{c}\mathrm{a}11\mathrm{y}$ closed .
proof , $\lambda$ $\lambda$ partinal function $g$ $g(a)=\beta\Leftrightarrow\alpha\in\wedge 4_{\mathit{3}}t^{t}$ .
., player $\mathrm{I}\mathrm{I}$ strategy : $t=\langle p_{i} : i<\xi\rangle$ $\mathbb{C}(B, S)$
decreasing $\mathrm{s}\mathrm{e}\mathrm{q}\iota \mathrm{l}\mathrm{e}\mathrm{n}\mathrm{c}\cdot.\mathrm{e}$. lower bound . , $p= \bigcup_{i<\xi}p$ i
, $p$ lower bound . , $\approx\in P_{h}.\lambda$
:
$1$ . $\approx\in B$ ,
2. $\mathrm{A}\sim$ $g$ ,
3. $|\approx|=|z\cap\kappa|$ ,
$4$ . $\approx\cap\kappa\in f_{\dot{\mathrm{V}}}$ and $\mathrm{c}\mathrm{f}(.\approx\cap f_{\overline{1}}.)=\omega$ ,
5. $d(p) \cup 1\mathrm{i}\mathrm{n}1(d(|p.))\cup\{\sup(d(p)\}\subset zarrow$’
$\{\alpha_{2l}^{t}. : n\in\omega\}$ ,$\sim\vee\cap\kappa$ cofinal subset , $p_{t}$ :
1. $pt:\approx\cross z$ $arrow z\cap\kappa\cdot$ ,
2. $p_{t}\mathrm{r}(d.(p)\cross d(p))=p$,
3. $\alpha\in z\backslash d$ (p) $n\in\omega$ $p_{t}($ \mbox{\boldmath $\alpha$}, $n)=\alpha_{\uparrow 7}^{t}$ .
player $\mathrm{I}\mathrm{I}$ .
strategy winning strategy $\xi$
lilnit ordinal , $t=\langle p_{i}:\prime i$. $<\xi\rangle$ strategy play . $t$.
$\grave{\grave{3}}$ lower bound . , $p= \bigcup_{i<\xi}p$.i $p$
condition . , $x\in c(p)\cap S$
. , strategy 3 , $|d(p)|=|d(p)\cap\kappa.|$
. $x\subseteq d(p)$ $x\cap t\dot{\mathrm{v}}=d.(p)\cap\kappa$. $|x|=|x\cap\kappa.|$ $2^{\backslash }\not\in S$
. $z\cap\kappa<d(p)\cap r_{\hat{\iota}}$. , 5 $d(p) \cap\kappa=\sup\{d(p_{i})\cap\kappa:i<\xi\}$
, .i.* $<\xi$ $.\mathrm{J}-\cap\kappa$. $<d(p_{i}*)\cap\kappa$. .
, $\{_{f}.\mathit{3}_{i}. : i<\xi\}$
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1. +1 $=\mathrm{s}\mathrm{u}_{\mathrm{I}^{)(X\cap d(p_{i}))}}\cdot$ ,
9. $i$ $1\mathrm{i}_{1}\mathrm{n}\mathrm{i}\dagger$, /‘fi=sup{/ $j’<i.$ }
. $\leq \mathrm{s}\iota\iota \mathrm{p}(x)$ $\langle l\mathit{3}_{i} : i<\xi\rangle$ increase continuous sequence
.
Claim 3.5.1 $j<\xi,$ $\prime i."\leq j$’ ,$\theta_{i}=\sup x$ .
proof . , $\{\beta_{i}:.i$. $<\xi\}$ $\mathrm{s}\iota\iota \mathrm{p}(x)$ unbounded set
. ., $l^{4=\mathrm{c}\mathrm{f}(\xi)}$ , $\{\beta_{i} : i$. $<\xi\}$ $\mathrm{s}\iota\iota \mathrm{p}(.\}^{\backslash }.)$ unbonded $\mathrm{s}\mathrm{e}_{arrow}\dagger|$
, $\mu=\mathrm{c}\mathrm{f}(\xi)=\mathrm{c}\mathrm{f}(\mathrm{s}\iota \mathrm{p}(\alpha^{\backslash }))=f(x\cap\kappa.)$ . $f(x\cap\kappa)>\omega$ , $/\mathrm{J}$
uncountable . , $\xi$ club $\langle\prime i_{k} : k<\mu\cdot\rangle$ $l_{\check{\mathrm{b}}}$ :
$\mathrm{t}$ . \acute i.0\geq i’’
2. $k$. $<\mu$ $\prime i_{k+1}>\prime i_{k}$ $l\acute{t}_{i_{\mathrm{A}\cdot\cdotcdot 1}}>|1\mathit{3}_{i_{k)}}$
3. $f_{v}^{n}$ limit ordinal $i_{k}.-$. $\mathrm{s}\iota \mathrm{p}\{i_{h\sim}.’ : k’<k\}$ .
. $\langle/?_{i_{k}}. : \mathrm{t}\cdot$. $<\mu\rangle$ $\mathrm{s}\iota \mathrm{p}(x)$ club . $x\in S$ , $x$ $\sup(x)$
stationary, limit ordinal $k<\mu$ $\acute{\gamma}^{j_{i_{k}}}$. $\in$ ’x . , $\langle$
$k$
: $k<\mu\rangle$
st.rict.ly increasing , $\beta_{i_{h}}$. $\not\in\bigcup_{j<i_{h}}.d$(pj) . $p_{k}\dot{.}$.
$\mathrm{s}1l1^{\cdot}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{g}^{\neg}1^{r}$ , $\mathrm{J}\mathrm{i}\mathrm{m}(\bigcup_{j<i_{k}}d(.p_{j}))$ $\subseteq d(\prime p_{i_{k}})$ . $\theta_{i}.,$ $\in$
d( ,)\\cup j\acute ‘ik $d(p_{j})$ . , $p$ $k$ , $?\iota$. $\in\omega$
p(/3i, ’ $?\mathrm{z}$ ) $=\alpha_{n}^{t|i_{k}}\cdot\in x,$ $x\cap\kappa-\geq d(.p_{i_{k}})\cap r_{\iota}.$. , $x\cap\kappa<d(p_{i}.*)\cap\kappa$. $\leq d(.p_{i_{k^{\sim}}})\cap\kappa$
of claim
, ordinal $j<\xi,$ $i^{*}<j$ $/^{-}]_{j-\downarrow}=\mathrm{s}\iota\iota \mathrm{p}(x)$ , $\mathrm{s}\iota \mathrm{p}(x.)=$
$\sup$ ( $.x^{\tau}\cap d$(S)j) $)$ , $x\cap\kappa=(d(p_{j})\cap x)\cap\kappa$ . , $a:$ , d $j$ ) $\in B$
$.x.\cap d(p_{j})\in B$ . $x\cap d(parrow\in T_{f}($ \kappa ., $\lambda)\cap B$ . , $j^{-\prime}$ $j$ even
orciina.l , strategy 5 $1\mathrm{i}\mathrm{n}\iota(x\cap d(p_{j}))\underline{\mathrm{C}}1\mathrm{i}\mathrm{n}1(d(p_{j}))\subseteq d(\prime p_{j’})$ .
$d.(.p_{j’})$ $\mathrm{s}\iota\iota \mathrm{p}(x)$ club , $x$ $\sup(x)$ sta.tionary , $x\cap d(p_{j’})$
$\sup(x)$ $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11\mathrm{d}\cdot 1\supset^{\gamma}$ . $x\cap d(p_{j’})\in T\cap B$ . , $x\cap d$(pj’)
$p$ $x\cap d(pj^{\prime)}\in c.(p’)\cap T$ . .
$S$ 2 cese .
$\underline{\mathrm{c}\mathrm{a}\mathrm{s}\mathrm{e}\mathrm{l}}S=$ {$x\in T$ : $\exists\alpha\in x$ $(A \text{ }\cap\sup(x)$ is non-stationary in $\sup(x)$ )}
: $\alpha^{l}\in x$ $A \text{ }\cap\sup(x)$ $\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{s}\mathrm{t}.\mathrm{a}.\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\mathrm{C}}\backslash 1^{\backslash }\mathrm{y}’$ . ,
$\alpha\in d(.p_{j’})$
$\mathrm{i}$
$\alpha^{1}\not\in d$(pj’) , $j’$ $i”$ $\alpha\in d(.pj^{\prime\prime)}$
$j’$ . , \mbox{\boldmath $\alpha$}\in x\cap d 7) . ,
$\mathrm{s}\iota \mathrm{p}(a^{\backslash }.)=\sup$( $.x:\cap$ d(pj’)) , $A\text{ }\cap \mathrm{s}\iota\iota \mathrm{I}$) $(x\cap d(\prime p_{j’}))$ non-stationary.
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$.x\cap d(\prime p_{j’}.)\in S\cap B$ . , $x\cap d(p_{j’})\subseteq d$(pj’) $x\cap d(.p_{j’})\in c(p_{j’})$ .
$S\cap c(p_{j’})\neq\emptyset$ .
case2 $S\subseteq$ { $x\in T$ : $\forall\alpha\in x$ $(A \text{ }\cap\sup(|x)$ is stationary in $\sup(x)$ )} :
$x\subseteq d$(pj’) strateg $d(lp_{j’})$ $g$
$\mathrm{C}\mathrm{k}’\in x$ . , $A_{a}\cap \mathrm{s}n\mathrm{p}(x)$ $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1^{\backslash }\mathrm{y}$ . –
, $d(p_{j}’)$ $\sup(x)$ club d$(.p_{j’})\cap A$ $\neq\emptyset$ . $,\mathit{3}\in d.$( j2)\cap A
, $g$ $\alpha=g(\beta)\in d(\prime p_{j’})$ . $x\subseteq d$ (pj’) ,
$x\in c(\prime p_{j’})\cap S$ .
, $c(p)\cap S=\emptyset$ . ,
$\langle p; : i<\xi\rangle$ lower bound , game .
Lemma 3.6 $C_{\mathrm{T}}$ $(V, \mathbb{C}(B, S))$-generic fflter . , $\cup G$ $\lambda\cross\lambda$
$\kappa$ function $\mathrm{r}$. {.x\in P \lambda : $x\in B,$ $x$ is closed under $\cup C_{\mathrm{T}}.$} $\cap S=\emptyset$ ,
$S$ non-stationarv .
proof , $\mathbb{C}(B, S)$ $\kappa$-strategically closed $P_{h}^{1’}.’\lambda$ $P_{h}^{V[G[}.\lambda$
, $B$ $P_{h}.\lambda$ club set . $\cup C_{7}$ $\lambda \mathrm{x}\lambda$
$t_{\dot{\mathrm{t}}}$ function 3.3 .
, $C=$ { $x\in P_{h}.\lambda$ : $x\in B,$ $x$ is closed under $\cup G$ } club
. $C\cap S=\emptyset$ . $x\in C$’ . ,
3.:3 $p\in G$ $x\subseteq d.(p)$ . $x\in c(p)$ ,
$c(p)\cap S=\emptyset$ $x\not\in S$ .
4 Maximal nonsplitting subset of $P_{ri}.\lambda$
club shooting [11] iterate ,
. [12] .
Theorem 4.1 G.CJI. . $\kappa<\lambda$ $\kappa$. $\lambda_{-\mathrm{S}\iota\iota \mathrm{p}\mathrm{e}1^{\backslash }\mathrm{C}0\mathrm{n})}.\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t},$ $\lambda$ l.eg.ular
cardinlal . , $\mathrm{p}.0$ . $\mathrm{P}$ :
1. $\mathrm{P}$ cardinal .
2. | ‘‘ $\kappa$ inaccessible cardinal” :
3. $|\mathrm{h}\mathrm{p}\cdot$ “ $f$ \epsilon \nwarrow { $x\in T_{f}$ (\kappa , $\lambda$) $:.\mathit{1}^{\mathrm{Y}}$’is stationary in $\sup(x)$ } $\kappa^{+}$. sta-
tionary subset. .” , $c\iota’<h.$’ $\lambda=\kappa^{+\alpha+1}$ , $T_{a+1}(\kappa.., \lambda)$
$P_{v}^{\cdot}+$ .
4.1 .
Theorem 4.2 ([3] [ $11\mathrm{D}\kappa$ regttlar uncountable cardina.l, $\lambda\ovalbox{\tt\small REJECT}\kappa$ ca.rdina.l
. . $\mathcal{P}_{h}\lambda$ stationary set $\kappa$ stationary $\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{s}\mathrm{e}\mathrm{t}_{\ovalbox{\tt\small REJECT}}$
.
Lenlma 4.3 $\alpha<Fi$. $\lambda=\kappa^{+\alpha+1}$ . $P_{h}.\lambda$ stationary subset $X$ $\kappa^{+}$,
, $X\backslash T_{\alpha+1}$ $($ \kappa , $\lambda)$ noll-sta.lIiollary .
proof $I=\mathrm{N}\mathrm{S}_{\kappa\lambda},\mathrm{r}X$ , $\mathrm{P}_{I}$ $I$ generic ultrapower forcing
nortion . $X$ $\kappa^{+}$. , E $\kappa^{+}$-satura.ted, $\mathrm{P}_{I}$ $\kappa^{+}\wedge-$
$\mathrm{c}.\mathrm{c}$ . . $G$ $(V, \mathrm{P}_{t})$-generic fflter , $j$ : $V\prec\Lambda\cdot\prime I\approx \mathrm{U}1\mathrm{t}(V, G)$
. $\mathrm{P}_{I}$ $\kappa^{+}.- \mathrm{c}.\mathrm{e}j$ . $\lambda=(\kappa^{+a+1},)^{V[G]}$ , $I$ $f_{\dot{\mathrm{t}_{J}}}+$-sa.turated
$\lambda M\cap V[G]\subseteq \mathrm{A}\prime I$ . $M\models$ “$\lambda=\kappa^{+\alpha+1}.$ ” . , $\Lambda\prime I\mathrm{E}$=
“
$\mathrm{c}\mathrm{f}(j’’\lambda)=\lambda=ri,=+a\cdot+1(j’’\lambda\cap j^{f}(\kappa).)^{+\alpha+1}$”. , $\alpha<\kappa$. $j(T_{\alpha+1}(\kappa, \lambda. ))=$
T +l $(j(f_{\dot{|\prime}}),j(\lambda))$ , $M\models i$ ‘j”\lambda \in i(T ll(\kappa , $\lambda)$ )” . $G$
$|\mathrm{b}_{r}.$
“
$j”\lambda\in j(T_{a+1}(P\dot{v}, \lambda))$ ” , $x\in X$
x\in T +1 $(\kappa., \lambda)$ . $X\backslash T_{\alpha+1}($\kappa , $\lambda)$ lloll-stationa.ry
.
. 4.1 “$x$ $\mathrm{s}\iota \mathrm{p}(x)$ $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11\mathrm{a}1^{\cdot}\}’$ ” ,
Lemma 4.4 $\lambda$ regulal. cardinal, $I$ $P_{h}.\lambda$ $\lambda$-saturated normal ideal .
, {x\in P \lambda : $x$ is $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{p}^{\backslash }\mathrm{y}$ in $\mathrm{s}\iota \mathrm{p}(x)$ } $\in I^{*}$ . , Il $I$
clual ffiter .
proof $p\in \mathrm{P}_{I},$ $C^{\cdot}$ $\mathrm{P}_{I}$-name p $|\mathrm{b}_{1}$ $\backslash ‘\dot{C}$, is a $\mathrm{c}\mathrm{l}\iota \mathrm{l}\mathrm{b}$ in $\mathrm{s}\iota 1\mathrm{p}(j’’\lambda)$” . in-
ductivc (\mbox{\boldmath $\alpha$} $7l<\omega\rangle$ , $\langle$/jn: $n<\omega\rangle$ $\dot{\beta}_{0}$ $\mathrm{P}_{I}$-name $p|\mathrm{h}\mathrm{r}_{\mathit{1}}‘.\dot{\theta}_{0}’,\in\dot{C}$”
. $j”\lambda$ $\sup(j’’\lambda)$ unbonnded , $\mathrm{P}_{I}$ $\lambda-\mathrm{c}..\mathrm{c}$ .
$0’0<\lambda$ $p|\mathrm{b}_{\mathrm{A}}|r_{I}.$ “i $(\alpha_{0})\geq \mathit{1}i_{0}$ ” . $\acute{\prime}j_{1}$ $p|*_{\mathrm{J}}‘’.j(\alpha_{0})<,\dot{\mathcal{B}}_{1}\in\dot{C}_{J}$”
nanle , $\alpha_{1}<\lambda$ $|p$
. | ,
“$j(\alpha_{1})\geq\dot{\beta}_{1}’$” .
$\alpha_{n,}../\dot{j}_{n}$ $\alpha=\sup\{\alpha_{n} : n<\omega\}$ ,
$p\mathrm{I}*_{I}$ “j $( \alpha)=\sup\{j(a_{l1}^{l}) : n<\omega\}=\sup\{_{\mathit{1}}\dot{f}_{n} : n<\omega\}\in\dot{C}_{/}$”
, $p|\mathrm{h}\mathrm{p}_{I}^{i}‘ j’’\lambda\cap\dot{C,.}\neq\emptyset"$ .
, 4.1 . [12]
.
Definition 4.5 $S(l\dot{\iota t}’\lambda)=$ { $x\in P_{\kappa}\lambda$ : $x\cap l\hat{\iota}’\in\kappa\cdot$, $|$ x $|>|x\cap\kappa.|$ }.
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Theorem 4.6 G.C.I-I. . $\kappa<\lambda$ $\kappa$ $\lambda$-supercompact, $\lambda$ $a<\kappa$
$\lambda=\kappa^{+\alpha+2}$ . , $\mathrm{p}.0$ . $\mathrm{P}$ :
1. $\mathrm{P}$ $h.$. cardinal .
2. | ‘. $‘ t_{\overline{\mathrm{u}}}$ inaccessible cardinal
$\cdot$,,
3. $|\mathrm{b}$ “ $S(\kappa, \lambda)$ $\lambda$ stationary subset .”
4.6 .
Lemma 4.7 $S(\kappa, \lambda)$ st.atiollary . $l’<\lambda$ , $S(\kappa.\lambda’)$ $l’$
. , $\lambda$ singular cardinal $S(r_{\dot{v}}, \lambda)$ $\lambda$ .
proof $\lambda$ $\mathrm{s}\mathrm{i}_{11}\mathrm{g}1\mathrm{l}1\mathrm{a}.1$‘ , $S(h,\cdot.\lambda)$ $\lambda$ $\iota/<\lambda$
$\iota$’ . lemnla
, , claim
Claim 4.7.1 $P\backslash \cdot;<\iota/<\mu$ . $\{\prime x\in P_{\kappa}l/:|x|=|x\cap\kappa\cdot|^{+}\}$ $P_{\kappa^{l/}}$
stationary , $\{x\in P_{h}.\mu : |x|=|x\cap\kappa|^{\{-}\}$ P $l\iota$ stationary .
proof $\iota$’ $\int \mathit{1}$. cardinal . , $\theta$
regular cardinal . $R\subseteq H$\mbox{\boldmath $\theta$} , $M\prec\langle H_{\theta}, \in, R\rangle$
$|\Lambda\cdot f|<Pi\cdot,$ $|\mathit{1}1I\cap\mu|=|\Lambda\prime I\cap t\overline{\backslash }\cdot|^{+}$ . ,
$\Lambda’.I_{0}\prec\langle fI_{\theta}, \in, R\rangle$ $l’\subseteq \mathbb{J},\prime I_{0}$ $|\Lambda^{J}\mathit{1}_{0}|=l/$ . $f$ : $l/arrow\Lambda’I_{0}\cap\mu$.
bijection . $l^{J}\subseteq \mathrm{A}\prime I_{0}$ $\{x\in P_{h}.\nu : |x.|=|x\cap\kappa|^{+}\}$ stationary
, $\Lambda\prime I\prec\langle\Lambda I_{0}, \in, R, f\rangle$ $|\Lambda^{t}I|<l\sigma"|M\cap\nu|=|M$ $\kappa.|^{-\vdash}$ ,
elementarity $f\lceil(\Lambda I\cap l/)$ : $\mathrm{A}’I$ $/arrow M\cap\mu$ bijection ,
$|M\cap \mathit{1}^{\ell\cdot 1=}|\Lambda^{J}I\cap\iota/|=|\Lambda\prime I\cap li,|^{+}$ . $\text{ }$ of claim
lemma . $\iota/<\lambda$ cardinal $S(\kappa., \lambda)$ $\nu$
. $l/\leq\kappa$ 4.2 . $\nu>\kappa$. . $I=\mathrm{N}\mathrm{S}_{\kappa\lambda}.[S($ \kappa , $\lambda)$
, $\mathrm{P}_{I}$ $I$ generic ultrapower forcing notion . $C$’ $(V, \mathrm{P}_{I})- \mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}1^{\cdot}\mathrm{i}\mathrm{c}$.
fflter , $j^{J}$ : $V\prec\Lambda I\approx \mathrm{U}1\mathrm{t}(b^{r}, G)$ .
$S(\kappa, \lambda)$ $\nu$ $\mathrm{P}_{I}$ $|J-\mathrm{c}.\mathrm{c}.$ , $V[C_{X}^{\mathrm{Y}}]$ $\lambda>\kappa^{+}$. .
$\Lambda,I\models$ “ $|j’’\lambda|>\kappa^{+}.=(j’’\lambda\cap j(\kappa\cdot))^{+}$ ”. E# $|x\in S($ \kappa , $\lambda)$
$|x|>|x\cap\kappa|^{+}$ .
, $f$ : $S(\kappa., \lambda)arrow\lambda$ $f(x)=\alpha’\Leftrightarrow\alpha$. $\in x$ $\mathrm{o}\mathrm{t}(x\cap\alpha)=|x\cap\kappa|^{+}$
. Fodor lemma , $\delta<\lambda$ $\{x\in.S(\kappa\lambda\}$ .) : $f(x)=\delta\}$ statiollaly
. {x\in P \mbox{\boldmath $\delta$}: $\mathrm{o}\mathrm{t}(x)=|x\cap\kappa|^{+}$} P $\delta$ sta.tionary .
claim $\{x\in P_{\kappa}\lambda : |x|=|x\cap\kappa|^{-\}}\}$ P $\lambda$ stationary set ,
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$S(\mathrm{A}^{\cdot}., \lambda)$ $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1^{\backslash }\mathrm{y}$ subset . ($x\in S($ \kappa , $\lambda)$
$|a^{1}|>|x\cap\kappa|^{+}$ .
, . $S(\kappa., \lambda)$
:
Lemma 4.8 $S(P\mathrm{i},,.\lambda)$ $\lambda$ . ,
1. $\kappa\leq l’<\lambda$ $\nu$ , $S(\kappa., \nu)$ P $l/$ $11\mathrm{o}\mathrm{n}- \mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1^{\wedge}\mathrm{y}$ .
2. $x\in S($ \kappa , $\lambda)$ $\mathrm{o}\mathrm{t}(x)=|x\cap\kappa.|^{+}$ .
,
Lemnla 4.9 $l/=111\mathrm{i}\mathrm{n}${ $\mu\geq\kappa$ : $S$ (\kappa ., $\mu$) is stationary in $P_{t\dot{v}}\mu$} . ,
$x\in S(\kappa., \mathrm{r}/)$ $\mathrm{o}\mathrm{t}(.\mathit{1}^{\cdot}.)=|x\cap\kappa|^{+}$ ,
proof claim 4.7.1 . , $x\in S$ ( $\kappa^{\sim},$ $\iota$J)
$\mathrm{o}i.(x)\geq|x\cap\kappa|^{+}$ . , . $S=\{x\in$
$P_{\kappa}\nu$ : ot,(x)>lx\cap \kappa \mapsto $P_{r_{\iota}}\nu$ $\mathrm{s}\mathrm{t}\mathrm{a}1\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1^{\backslash }.\mathrm{Y}$ . $f\cdot$ : $Sarrow\iota$’ $f(x)=\alpha\Leftrightarrow$
$\alpha\in x$ $\mathrm{o}\mathrm{t}.(.\mathit{1}^{\backslash }$. $\cap\alpha)=|x\cap\kappa.|^{+}$ . $\mathrm{F}\mathrm{o}\mathrm{d}\mathrm{o}1’.\mathrm{S}$ lemma , $\delta<\iota/$
$\{.\alpha^{1}\in S : f(|x^{1})=\delta\}$ stationary , $\{x\in P_{\kappa}\grave{\delta} : \mathrm{o}\mathrm{t}(x)=|x\cap\kappa|^{+}\}$
R $\delta$ $\mathrm{s}\mathrm{t}.\mathrm{a}\mathrm{i}\mathrm{t}\mathrm{o}\mathrm{n}.\mathrm{a}1^{\cdot}\}’$ . $S(t_{\hat{1}},, \delta\grave)$ sta.tionary , $l^{J}$ 1
.
, 4.8 .
proof 2. 1. 4.9 . 1. - , $S(\kappa, \lambda)$ $\lambda$
$\lambda$ regular . , generic ultrapower forcing
notion $\mathrm{B}_{1}^{\mathrm{e}}\lambda$ -c.c. generic ultrapower $\mathrm{o}\mathrm{t}(j’’\lambda)=\lambda=\mathrm{c}\mathrm{f}(j’’\lambda)$,
$x\in S($ \kappa , $\lambda)$ $\mathrm{o}\mathrm{t}(x)=\mathrm{c}\mathrm{f}(x)$ .
Claim 4.9.1 $\kappa,$ $<l’<\mu$ $\mathrm{c}\mathrm{f}(lJ)\leq \mathrm{c}\mathrm{f}.(\mu)$ . $\{x\in P_{\dot{\iota}},\nu : \mathrm{c}.\mathrm{f}(|x)=|x\cap\kappa|^{\{-}\}$
$P_{\kappa- l/}$ sta.tionary , $\{x\in P_{\kappa}.\mu : \mathrm{o}\mathrm{t}(x)>\mathrm{c}\mathrm{f}(x)=|x\cap\kappa.|^{+}\}$ $P_{h}.\mu$ stationary
.
proof $\mathrm{c}\mathrm{l}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{l}4.7.1$ . $M_{0}\prec\langle II_{\theta}, \in, R\rangle$ $l^{y}\subseteq\Lambda\prime I_{0},$ $\mathrm{c}\mathrm{f}(\Lambda\cdot I_{0}\cap\mu\cdot)=$
$\mathrm{c}\mathrm{f}(lJ)$ . $lJ\leq \mathrm{c}\mathrm{f}(\mu.)$ . $\pi$ : $\mathrm{c}\mathrm{f}(\iota’)arrow\Lambda f_{0}\cap\mu$ c.ofinal
$\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{p}$ . , M\prec $\langle$ , $\in,$ $R,$ $\pi\rangle$ $\mathrm{c}\mathrm{f}(M\cap\nu)=|M\cap\kappa|^{+}$
. , elementarity $\tau_{1}[(\Lambda\prime I\cap \mathrm{c}\mathrm{f}(\iota/))$ : $\mathrm{A}I\cap \mathrm{c}\mathrm{f}(\iota/)arrow\Lambda I\cap\mu$
$\mathrm{c}.\mathrm{o}\mathrm{f}_{1}.\mathrm{n}\mathrm{a}.1$ map ., $\mathrm{c}\mathrm{f}(\mathrm{A}!I\cap\mu)=\mathrm{c}\mathrm{f}(\Lambda\prime I\cap \mathrm{c}.\mathrm{f}(l/))=\mathrm{c}\mathrm{f}(\Lambda\prime I\cap|/)=|\Lambda\prime I\cap\kappa.|^{+}$ .
, $\mathrm{o}\mathrm{t}(M\mathrm{n}_{l}\iota)>\mathrm{o}\mathrm{t}(B/I\cap\nu)$ $\mathrm{o}\mathrm{t}(\Lambda\prime I\cap\nu)\geq\epsilon:\mathrm{f}(\Lambda\cdot\prime I\cap\iota/)=\mathrm{c}.\mathrm{f}(\mathrm{A}’\prime I\cap \mu)$
$\mathrm{o}\mathrm{t}(\Lambda^{J}I\mathrm{n}_{l^{\mathit{1})}}>\mathrm{c}\mathrm{f}(M\cap\oint \mathit{1}\cdot)$ . $\text{ }$ of claim
20
. : $l’<\lambda$ $S(\kappa.., \mathfrak{l}J)$ stationary
. $\nu’$ , 4.9
$\mathrm{J}^{\backslash }$. $\in S(\kappa, \iota\prime’)$ $\mathrm{o}\mathrm{t}(x)=||x\cap \mathit{1}i\cdot|^{+}$ , { $\mathrm{r}$. $\in P_{h}.\iota\prime’$ : $\mathrm{o}\mathrm{t}(x)=$
$|x|=\mathrm{c}\mathrm{f}(x)=|x\cap\kappa.|^{\prec}-\}$ stationary , , claim {x\in P \lambda :
$\mathrm{o}\mathrm{t}(x)>\mathrm{c}\mathrm{f}(.x.)=|x\cap\kappa|..|\}$ $P_{\kappa}\lambda$ stationary , $S($ \kappa , $\lambda)$
stationarv subset .
4.6 $\lambda$ singular successor cardinal . $\lambda$ singular
cardinal $\mathrm{s}\mathrm{u}\mathrm{c}.\mathrm{c}\mathrm{C}_{1}\mathrm{S}\mathrm{S}^{\urcorner}\mathrm{O}1^{\backslash }$ .
Theorem 4.10 G.C.H. . $\kappa<\lambda$ $\kappa$ $/\backslash$-supercompact, $\lambda$ limit
ordina] $\alpha<\kappa$ $\lambda=\kappa^{+\alpha+1}\backslash$ . , $\mathrm{p}.0$ . $\mathrm{P}$
..
1. $\mathrm{P}$ $\kappa$ cardinal .
2. $|\vdash \mathrm{P}$ “ $\kappa$. ina.ccessible cardinal ”,
3. | ‘‘ $\{x\in S(r_{\dot{v}}, \lambda) : \mathrm{c}\mathrm{f}(x\cap\kappa,)<x\cap\kappa..\}$ $\lambda$ stationary subset
$\ovalbox{\tt\small REJECT}_{\mathrm{b}}^{\mathrm{b}}$ . ”
, $\iota‘ \mathrm{c}\mathrm{f}(.x\cap\kappa.)<x\cap\kappa$” ,
, :
Theorem 4.11 ([2]) $\mu$ singular cardinal . $\mathrm{p}.0$ . $\mathrm{P}$ $\mu^{+}$ stationary set
, $\mathrm{P}$ generic extension $\mathrm{c}\mathrm{f}.(|\mu\cdot|)=\mathrm{c}\mathrm{f}(l^{l})$
.
Lemma 4.12 $\lambda=\iota/+$ $\mathrm{c}\mathrm{f}(\iota/)<f_{\dot{\mathrm{t}\prime}}$ . $S(\kappa, \lambda)$ $\lambda$
, $x\in S($ \kappa , $\lambda)$ $\mathrm{c}\mathrm{f}(x\cap\kappa)=\mathrm{c}.\mathrm{f}(.\iota’)$ .
proof $I=\mathrm{N}\mathrm{S}_{\kappa\lambda}.\lceil$ S $(\kappa\cdot, \lambda)$ , $G$ $(V, \mathrm{P}_{I})$-generic $j$ : $V\prec M\approx \mathrm{U}1\mathrm{t}(V, C7)$
. 4.8 $V$ [G] $\Lambda\prime I$ $\lambda=h^{+}$. . $|l’|=\kappa$ . , $\mathrm{P}_{I}$
$\lambda- \mathrm{c}.\mathrm{c}$ . $\lambda$ stationary set . 4.11 $\mathrm{c}\mathrm{f}(t_{\dot{\iota\prime}})=$
$\mathrm{c}\mathrm{f}(|l/|)=\mathrm{c}\mathrm{f}(l/)$ . , $\kappa$. cardinal regularity
cf.(l/)=cf \acute (\mbox{\boldmath $\nu$}). , $M\models\acute{\iota}’.\mathrm{c}.\mathrm{f}(j’’\lambda\cap j(\kappa))=\mathrm{c}\mathrm{f}(\kappa.)=\mathrm{c}\mathrm{f}^{\mathrm{t}’}(\iota/)=j(\mathrm{c}.\mathrm{f}^{V}(\nu))$”. $G$
, $x\in S($ \kappa , $\lambda)$ $\mathrm{c}\mathrm{f}(x\cap\kappa\cdot)=\mathrm{c}\mathrm{f}(\iota/)$
.
$S(\kappa, \lambda)$ $\lambda$ , $x\in S(r_{v}., \lambda)$
$x\cap\kappa$ singular . , 4.6 { $x\in S(t\dot{v}, \lambda)$ :
$x\cap\kappa$ is singular} $\lambda$ ,
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model { $x\in S(\kappa, \nearrow\backslash )$ : $\mathit{1}^{\backslash }\cap’${, is regular} $\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}_{011\mathrm{a}1^{\backslash }}\mathrm{y}$
.
5G.C.H., Nonsplitting set and Saturation
Gitik [3] , 2.4, 2.5, 2.6, 4.1, 4.6, 4.10 $\text{ }$
, $\mathrm{g}\mathrm{e}11\mathrm{e}1^{\backslash }\mathrm{i}\mathrm{c}$. extension G.C.H. . , $\lambda$
singulal. car $\mathrm{n}\mathrm{a}\cdot 1$ G.C.H. stationary $\mathrm{s}\mathrm{c}\mathrm{t}$.
:
Theorem 5.1 ([8]) $\kappa$ $\iota\cdot \mathrm{e}\mathrm{g}.\mathrm{u}\mathrm{l}\mathrm{a}l$. uncountable cardinal, $\lambda>ti$. strong linfit singu-
lar cardinal . , $P_{h}.\lambda$ stationary set $X$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}$ (X
precipitous . , $\mathrm{N}\mathrm{S}_{\kappa\lambda}\mathrm{r}$X $\lambda^{+}$-saturated , $X$ $\lambda^{<\kappa}$.
.
, $\kappa$. G.C. stationary set
:
Lemma 5.2 $\kappa$. $\mathrm{G}.\mathrm{C}’,.\mathrm{H}$ . . , $|\lambda>\kappa$ $\mathrm{s}\mathrm{i}1\iota \mathrm{g}\iota 1\mathrm{a}1^{\backslash }$
cardinal $P_{\kappa}\lambda$ stationa.ry set $X$ $\mathrm{N}\mathrm{S}_{\kappa\lambda \mathrm{r}}$. X $\lambda- \mathrm{s}\mathrm{a}\mathrm{t}.\iota \mathrm{r}\mathrm{a}\mathrm{t}.\mathrm{e}\mathrm{d}$
. , $\mathrm{c}\mathrm{f}(\lambda)<\kappa$ $\grave{\acute{\mathrm{i}}}\check{|}\mathrm{S}_{\kappa\lambda}.$ [X $\lambda^{+}$-saturated .
proof $\lambda$ singular , $\mathrm{N}\mathrm{S}_{h\lambda}.\lceil$X $\lambda$-saturatecl , $\mu<\lambda$ $\mu- \mathrm{s}^{\backslash }\mathrm{a}\mathrm{t}\iota\iota 1’ \mathrm{a}\mathrm{t}\mathrm{c}\mathrm{d}$
. ., $\lambda$ $\mathrm{s}\mathrm{t}_{1}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{g}$ limit
$j$ : $V\prec M\approx \mathrm{U}1\mathrm{t}(V, G)$ generic ultrapower . $V$ $t_{\mathcal{V}}$. C.C.H.
, $l1I$ $j$ (\kappa ) G.C.H. . , $\lambda<j(\kappa.)$
$\lambda$ G.C.H. , $\Lambda^{l},I$ $\lambda$ strong li $\mathrm{t}$ cardinal .
$\lambda_{\phi \mathit{1}\prime I}\cap V[G]\underline{\mathrm{C}}\lambda I$ , $\lambda$ $V[G’]$ strong limit singular cardinal
. $\lambda$ $V$ strong H $\mathrm{t}$ singular cardinal .
5.1 .
, $\mathrm{c}.\mathrm{f}(\lambda.)<f_{\tilde{\vee}}$ , :
Theorem 5.3 ([7]) $\kappa$ regular uncountable cardinal, $\lambda>\kappa$ $h^{\wedge}<\kappa<\lambda^{<\mathrm{A}}$. $=2^{\lambda}$
. , $P_{\mathrm{A}}.\lambda$ stationary set $\lambda^{<\kappa}$ .
$\mathrm{N}\mathrm{S}_{t_{4}^{-}\lambda}\mathrm{r}$X $\lambda^{+}$-saturated $2^{\lambda}=\lambda^{+}$ . $\lambda^{+}-$
saturatedness , $\lambda^{1}$. $V|G$] carclinal . , $\lambda^{\{}$ . $<j(\kappa.)$ $\Lambda f$
$j(\kappa)$ G.C , $M$ $V$ [G] closure property $V$ [G]
$2^{\lambda}=\lambda^{+}$ . , $V$ $2^{\lambda}=\lambda^{+}$ .
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, :
Open Problenu: $\lambda$ $1^{\mathrm{B}}\mathrm{e}.\mathrm{g}\mathrm{u}1\mathrm{a}.\mathrm{r}$ cardinal . , $\mathrm{G},\mathrm{C}.\mathrm{H}$ . “$P_{h}.\lambda$




Theorem 5.4 G.C.H. . $\lambda>\kappa$. $\lambda$ regular, $t_{\mathrm{L}}.$. $\lambda$-superconipact
. , $\mathrm{p}.0$ . $\mathrm{P}$ :
1. $\mathrm{P}$ $\kappa$ cardinal .
2. $|$ $‘‘x $\#\mathrm{X}$ inaccessible cardinal ”’ :
3. $11_{1}|\cdot$ “ sta.tionary set $X$ $\mathrm{N}\mathrm{S}_{\kappa\lambda}.\mathrm{r}$X $\lambda^{+}- \mathrm{s}\mathrm{a}.\mathrm{t}\iota \mathrm{r}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ .
4. $\kappa$ G.C.H. .
, 52 best possible
:
Theorem 55 $\mathrm{G}.\mathrm{C}’-.\mathrm{H}$ . . $\lambda>\kappa$. $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)\geq\kappa$. singular $\mathrm{c}\mathrm{a}\mathrm{l}\cdot \mathrm{d}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}$,
$\mathrm{A}^{\wedge}$ supercompact . , $\mathrm{p}.0$ . $\mathrm{P}$ :
1. $\mathrm{P}$ $f\hat{v}$ cardinal .
2. $|$ f7“x $\mathrm{t}\mathrm{h}$ inaccessible cardinal ”:
3. $1\eta\nu$ “ stationary set $X$ $\mathrm{N}\mathrm{S}_{\kappa\backslash },[X$ $\lambda^{+}$-saturated .
4. $ti$, $\mathrm{G}.\mathrm{C}..\mathrm{I}\cdot \mathrm{I}$ . .
Theorem 5.6 G.C.H. . $\lambda>\kappa$. $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)<\kappa$. singular cardinal,
$\kappa$ supercompact . , $\mathrm{p}.0$ . $\mathrm{P}$ :
1. $\mathrm{P}$ $\kappa$ cardinal .
2. $|\mathrm{b}$ “$\kappa\#\mathrm{h}$ inaccessible cardinal ”’,
3. $|\mathrm{b}$ “ stationary set $X$ $\mathrm{N}\mathrm{S}_{\kappa\overline{\lambda}}\lceil X$ $\lambda^{++}- \mathrm{s}^{\backslash }\mathrm{a}\mathrm{t}\iota \mathrm{u}^{\backslash }\mathrm{a}.\mathrm{t}\mathrm{e}\mathrm{d}$ precipitous .
4, $\kappa$. G.C.H. .
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